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A QUASI-LOCAL CHARACTERISATION OF Lp-ROE ALGEBRAS
KANG LI1, ZHIJIE WANG2, AND JIAWEN ZHANG3
Abstract. Very recently, Sˇpakula and Tikuisis provide a new characterisation of
(uniform) Roe algebras via quasi-localitywhen the underlyingmetric spaces have
straight finite decomposition complexity. In this paper, we improve their method
to deal with the Lp-version of (uniform) Roe algebras for any p ∈ [1,∞). Due to
the lack of reflexivity on L1-spaces, some extra work is required for the case of
p = 1.
Mathematics Subject Classification (2010): 20F65, 46H35, 47L10.
1. Introduction
(Uniform)Roe algebras areC∗-algebras associated tometric spaces, which reflect
coarse properties of the underlying metric spaces. These algebras have been
well-studied and have fruitful applications, among which the most important
ones would be the (uniform) coarse Baum-Connes conjecture and the Novikov
conjecture (e.g., [32, 33, 40, 41, 42, 43]). Meanwhile, they also provide a link
between coarse geometry of metric spaces and the theory of C∗-algebras (e.g.,
[1, 11, 15, 16, 19, 20, 23, 29, 30, 32, 37, 39]), and turn out to be useful in the study of
topological phases of matter (e.g., [17, 10]) as well as the theory of limit operators
in the study of Fredholmness of band-dominated operators (e.g., [14, 21, 31, 35]).
By definition, the (uniform) Roe algebra of a proper metric space X is the
norm closure of all bounded locally compact operators T with finite propagation
in the sense that there exists R > 0 such that for any f , g ∈ Cb(X) acting on L
2(X)
by pointwise multiplication, we have f Tg = 0 provided their supports are R-
separated (i.e., the distance between the supports of f and g is at least R). Since
general elements in (uniform) Roe algebras may not have finite propagation, it
is usually difficult to tell what operators exactly belong to them. On the other
hand, Roe [27] defined an asymptotic version of finite propagation as follows:
An operator T on L2(X) has finite ε-propagation for ε > 0, if there is R > 0 such
that for any f , g ∈ Cb(X), we have ‖ f Tg‖ ≤ ε‖ f ‖ · ‖g‖ provided their supports
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are R-separated. Operators with finite ε-propagation for all ε > 0 are called
quasi-local in [26]. It is clear that limits of finite ε-propagation operators still have
finite ε-propagation. Consequently, all operators in (uniform) Roe algebras are
quasi-local.
A natural question is that whether the converse holds as well, i.e., does every
locally compact quasi-local operator belong to the (uniform) Roe algebra? An
affirmative answer to this question would provide a new approach to detect what
operators belong to these algebras in a more practical way by estimating the
norms of operator-blocks far from strips around the diagonal, and it has several
immediate consequences including the followings.
The first one has its root in Engel’s work [8, Section 2], where he studied
the index theory of pseudo-differential operators. He showed that the indices
of uniform pseudo-differential operators on Riemannian manifolds are quasi-
local, while it is unclear to him whether they live in Roe algebras, which are
well-understood. Another application is in the work of White and Willett [38] on
Cartan subalgebrasofuniformRoealgebras. They showed that if twouniformRoe
algebras of bounded geometry metric spaces with Property A are ∗-isomorphic,
then the underlying metric spaces are bijectively coarsely equivalent provided
that every quasi-local operator belongs to the uniform Roe algebras.
Historically, this question has been studied and partially addressed by many
people including Lange and Rabinovich for X = Zn [18] (in fact they worked
in a more general context, see the next paragraph), Engel for X is a manifold of
bounded geometrywith polynomial volume growth [9], Sˇpakula and Tikuisis [34]
for X has straight finite decomposition complexity in the sense of [7]. To our best
knowledge, this question is still open for general metric spaces.
Based on the original definitions, various versions of Roe algebras are proposed
and studied by different purposes. In fact, in recent years there has been an uptick
in interest in the Lp-version of (uniform) Roe algebras for p ∈ [1,∞), from the
communities of both limit operator theory and coarse geometry (e.g. [31, 21, 35,
14, 3, 44]). And it is natural and important to study the same question in this
context, i.e., does every locally compact and quasi-local operator belong to the
Lp-version of (uniform) Roe algebras for p ∈ [1,∞)?
In this paper, we improve the method of Sˇpakula and Tikuisis [34] in order
to generalise their result from the case of p = 2 to any p ∈ [1,∞). The main
part of our result is the following (see Theorem 3.3 for the complete version),
which answers the Lp-version of the question above under the condition that the
underlying metric space has straight finite decomposition complexity.
TheoremA. For a proper metric space with straight finite decomposition complexity and
p ∈ [1,+∞), quasi-locality is equivalent to being in the associated Lp-Roe-like algebra.
Here the notion of Lp-Roe-like algebra is the Lp-analogue of Roe-like algebras
Sˇpakula and Tikuisis introduced for p = 2 ([34, Definition 2.3]) and for which their
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main result is established. However, wewould like to point out that our definition
ofLp-Roe-like algebras aremore general than Sˇpakula andTikuisis’ definition even
for p = 2, as we drop a commutant condition in [34, Definition 2.3], which is used
in the proof of their main theorem. However, we observe that this condition is
redundant for the proof of the main theorem if we replace it with Lemma 3.5
below. The reason we drop this condition is inspired by the fact that it is not
fulfilled for general L1-Roe-like algebras, and an obvious advantage of doing this
is to allow more examples especially in the case of p = 1 (see Remark 2.9 and
Example 2.12 for more details).
The proof of our main theorem is closely modelled on their original one in
[34] at least for p ∈ (1,∞), except that the Lp-Roe-like algebras need not possess a
bounded involution and von Neumann algebra techniques are invalid. Instead,
we have to deal with asymmetric situation as in the proof of the implication “(iii)
⇒ (i)” in Theorem 3.3 and provide a direct and concrete proof of Lemma 4.4.
The case of p = 1 is more complicated and in this case Proposition 4.1 is estab-
lished, which is the most technical part of the paper and is also a generalisation of
[34, Corollary 4.3]. The difficulty comes from the lack of reflexivity on L1-spaces,
and the trick of the proof is to consider an artificial space L0(X), which lies between
C0(X) and L
∞(X). It is worth pointing out that Proposition 4.1 is based on a crucial
intermediate result established in a more general setup of Banach spaces, and we
hope that there might be some other applications in the future.1
The paper is organised as follows: we establish the settings of the paper by re-
calling some background in Banach algebra theory and coarse geometry in Section
2, where various examples of Lp-Roe-like algebras are also provided. In Section
3, we provide a complete version of our main result Theorem A, and prove the
relatively easier part, where the assumption of straight finite decomposition com-
plexity is not required. In Section 4, we prove the technical tool, Proposition 4.1,
and finish the remaining proof of the main theorem.
Conventions: Let X be a Banach space. We denote the closed unit ball of X by
X1. For any a, b ∈ X and ε > 0, we denote ‖a− b‖ ≤ ε by a ≈ε b. We also denote the
bounded linear operators on X by B(X), and the compact operators on X by K(X).
Moreover, for a Banach algebra A we define
A∞ := ℓ
∞(N,A)
/{
(an)n∈N ∈ ℓ
∞(N,A) : lim
n→∞
‖an‖ = 0
}
,
which is a Banach algebra with respect to the quotient norm.
Throughout the paper, we fix a propermetric space (X, d) (i.e., every bounded subset
is pre-compact). Note that such a space is always locally compact and σ-compact.
We also fix a Radon measure µ on (X, d) with full support (i.e., µ is a regular Borel
1After we finish this paper, Sˇpakula and the third-named author informed us that the main
theorem of this paper remains true if we only require Property A rather than straight finite de-
composition complexity [36]. Their arguments include an essential application of Proposition 4.1.
4 KANG LI1, ZHIJIE WANG2, AND JIAWEN ZHANG3
measure on X taking finite values on compact subsets, and for each x ∈ X, there
exists a neighbourhood U of x such that µ(U) > 0).
2. Preliminaries
In this section, we provide the background settings of this paper by collecting
several basic notions from Banach algebra theory and coarse geometry. Through-
out the section, let E be a (complex) Banach space and (X, d, µ) be a proper metric
space with a Radon measure µ on X of full support.
Denote Cb(X) the space of bounded continuous functions on X, C0(X) the space
of continuous functions on X vanishing at infinity, and Cc(X) the space of contin-
uous functions on X with compact supports.
2.1. Banach space valued Lp-spaces. In this subsection, we recall some basic
notions and facts on Banach space valued Lp-spaces.
Definition 2.1. Let p ∈ [1,∞]. For a Bochner measurable function (i.e., it equals
µ-almost everywhere to a pointwise limit of a sequence of simple functions)2
ξ : (X, µ)→ E, its p-norm is defined by
‖ξ‖p :=
( ∫
X
‖ξ(x)‖
p
E
dµ(x)
) 1
p
,
and its infinity-norm is defined by
‖ξ‖∞ := ess sup{‖ξ(x)‖E : x ∈ X}.
For p ∈ [1,∞], the space of E-valued Lp-functions on (X, µ) is defined as follows:
Lp(X, µ;E) :=
{
ξ : X → E
∣∣∣ ξ is Bochner measurable and ‖ξ‖p < ∞}/ ∼,
where ξ ∼ η if and only if they are equal µ-almost everywhere. Equippedwith the
p-norm, Lp(X, µ;E) becomes a Banach space, which is called the Lp-Bochner space.
We also need the following closed linear subspace of L∞(X, µ;E):
L0(X, µ;E) :=
{
[ξ] ∈ L∞(X, µ;E)
∣∣∣ ∀ε > 0,∃ compact K ⊆ X, s.t. ‖ξ|X\K‖∞ < ε},
equipped with the norm ‖ξ‖0 := ‖ξ‖∞. Clearly, L
0(X, µ;E) contains C0(X) but is
more flexible, as it also contains all characteristic functions of bounded subsets of
the proper metric space (X, d). On the other hand, L0(X, µ;E) inherits some nice
behaviours of C0(X), for example a representative can always be chosen for each
element in L0(X, µ;E) such that its norm goes to zero when the variable goes to
infinity.
In order to simplify notations, we regard ξ as an element in Lp(X, µ;E) andwrite
Lp(X;E) instead if there is no ambiguity. If X is discrete and equipped with the
counting measure, we simply write ℓp(X;E).
2It follows from Pettis measurability theorem that Bochner measurability agrees with weak
measurability when the Banach space E is separable.
A QUASI-LOCAL CHARACTERISATION OF Lp-ROE ALGEBRAS 5
If p ∈ (1,∞), let q be the conjugate exponent to p (i.e., 1
p
+
1
q
= 1) and if p = 1, we
set q = 0 instead of q = ∞. It is worth noticing that the duality Lp(X;E)∗  Lq(X;E∗)
does not hold in general (see e.g. [2, 5, 6]), but we still have the following lemma.
Lemma 2.2. When p ∈ (1,∞), set q to be its conjugate exponent and when p = 1, set
q = 0. Then there is an isometric embedding Lq(X;E∗)→ Lp(X;E)∗ defined by
η(ξ) :=
∫
X
η(x)(ξ(x))dµ(x)
where η ∈ Lq(X;E∗) and ξ ∈ Lp(X;E). On the other hand, there is another isometric
embedding Lp(X;E)→ Lq(X;E∗)∗ defined by
ξ(ζ) :=
∫
X
ζ(x)(ξ(x))dµ(x)
where ξ ∈ Lp(X;E) and ζ ∈ Lq(X;E∗).
Proof. For the first statement, when p > 1 it follows from the same argument show-
ing the classical result that Lq(X;C) embeds isometrically into Lp(X;C)∗ (which are
indeed isomorphic). And for p = 1, we have the following maps
L0(X;E∗) ⊆ L∞(X;E∗) →֒ L1(X,E)∗
where the second isometric embedding follows from the same argument showing
the classical result that L∞(X;C) embeds isometrically into L1(X;C)∗.
For the second statement, it suffices to show that for any ξ ∈ Lp(X;E), we have
‖ξ‖p = sup{|ξ(ζ)| : ζ ∈ L
q(X;E∗) and ‖ζ‖q ≤ 1}.
It is clear that the right hand side does not exceed the left. Conversely we may
assume, by the inner regularity of µ, that ξ is non-zero and ξ =
∑n
i=1 yiχΩi for
some yi ∈ E and mutually disjoint compact subsets Ωi in X. Note that ‖ξ‖
p
p =∑n
i=1 ‖yi‖
p
E
µ(Ωi). For each yi, choose a y
∗
i
∈ (E∗)1 such that y
∗
i
(yi) = ‖yi‖E. Define
ζ :=
n∑
i=1
‖yi‖
p−1
E
‖ξ‖
p−1
p
y∗iχΩi.
Note that when p = 1, ζ can be written simply as
∑n
i=1 y
∗
i
χΩi . It is straightforward
to check that ζ ∈ Lq(X;E∗) with ‖ζ‖q = 1 and ξ(ζ) = ‖ξ‖p (note that when p = 1, we
set q = 0). Hence, we finish the proof. 
Finally we recall Lp-tensor products (more details can be found in [4, Chapter
7], [24, Theorem 2.16] and [22]), which will be used in Section 2.3 without further
reference.
For p ∈ [1,∞), there is a tensor product of Lp-spaces with σ-finite measures such
that there is a canonical isometric isomorphism Lp(X, µ)⊗Lp(Y, ν)  Lp(X×Y, µ×ν),
which identifies the element ξ⊗ ηwith the function (x, y) 7→ ξ(x)η(y) on X×Y for
every ξ ∈ Lp(X, µ) and η ∈ Lp(Y, ν). Moreover, the following properties hold:
• Under the identification above, the linear spans of all ξ ⊗ η are dense in
Lp(X × Y, µ × ν).
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• ||ξ ⊗ η||p = ||ξ||p||η||p for all ξ ∈ L
p(X, µ) and η ∈ Lp(Y, ν).
• The tensor product is commutative and associative.
• If a ∈ B(Lp(X1, µ1), L
p(X2, µ2)) and b ∈ B(L
p(Y1, ν1), L
p(Y2, ν2)), then there
exists a unique element
c ∈ B(Lp(X1 × Y1, µ1 × ν1), L
p(X2 × Y2, µ2 × ν2))
such that under the identification above, c(ξ ⊗ η) = a(ξ) ⊗ b(η) for all
ξ ∈ Lp(X1, µ1) and η ∈ L
p(Y1, ν1). We will denote this operator by a ⊗ b.
Moreover, ||a ⊗ b|| = ||a|| · ||b||.
• The above tensor product of operators is associative, bilinear, and satisfies
(a1 ⊗ b1)(a2 ⊗ b2) = a1a2 ⊗ b1b2.
If A ⊆ B(Lp(X, µ)) and B ⊆ B(Lp(Y, ν)) are closed subalgebras, we define A ⊗ B ⊆
B(Lp(X × Y, µ × ν)) to be the closed linear span of all a ⊗ bwith a ∈ A and b ∈ B.
2.2. Block cutdown maps. Now we introduce block cutdown maps, providing
an approach to cut an operator into the form of block diagonals.
First, let us recall some more notions. For p ∈ {0} ∪ [1,∞], the multiplication
representation ρ : Cb(X) → B(L
p(X;E)) is defined by pointwise multiplications:
(ρ( f )ξ)(x) = f (x)ξ(x), where f ∈ Cb(X), ξ ∈ L
p(X;E) and x ∈ X. Without ambiguity,
we write f T and T f instead of ρ( f )T and Tρ( f ), for f ∈ Cb(X) and T ∈ B(L
p(X;E)),
respectively. It is worth noticing that µ has full support if and only if ρ is injective.
We also recall that a net {Tα} converges in strong operator topology (SOT) to T in
B(Lp(X;E)) if and only if ‖Tα(ξ) − T(ξ)‖p → 0 for any ξ ∈ L
p(X;E).
Definition 2.3. Given an equicontinuous family (e j) j∈J of positive contractions
in Cb(X) with pairwise disjoint supports, define the block cutdown map θ(e j) j∈J :
B(Lp(X;E))→ B(Lp(X;E)) by
(2.1) θ(e j) j∈J(a) :=
∑
j∈J
e jae j,
where the sum converges in (SOT) by Lemma 2.4 below. We say that a closed
subalgebra B ⊆ B(Lp(X;E)) is closed under block cutdowns, if θ(e j) j∈J(B) ⊆ B for
every equicontinuous family (e j) j∈J of positive contractions in Cb(X) with pairwise
disjoint supports.
Lemma 2.4. Let (e j) j∈J and ( f j) j∈J be two equicontinuous families of positive contractions
in Cb(X) with pairwise disjoint supports, and a ∈ B(L
p(X;E)). Then the sum
∑
j∈J f jae j
converges in (SOT) to an operator in B(Lp(X;E)). Furthermore, we have:∥∥∥∑
j∈J
f jae j
∥∥∥ = sup
j∈J
‖ f jae j‖.
Proof. First of all, we prove in the case of p ∈ (1,∞) and let q be the conjugate
exponent to p. Let Y j := supp(e j) and Z j := supp( f j). For any ξ ∈ L
p(X;E), any
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finite subset F ⊆ J and any η ∈ Lq(X;E∗) with ‖η‖q ≤ 1, we have that∣∣∣η(∑
j∈F
f jae jξ
)∣∣∣ = ∣∣∣∑
j∈F
(ηχZ j)( f jae jχY jξ)
∣∣∣
≤
∑
j∈F
‖η|Z j‖q · ‖ f jae j(ξ|Y j)‖p
≤
(∑
j∈F
‖η|Z j‖
q
q
) 1
q
·
(∑
j∈F
‖ f jae j(ξ|Y j)‖
p
p
) 1
p
≤ sup
j∈J
‖ f jae j‖ · ‖ξ|⊔ j∈FY j‖p.
Hence, it follows from Lemma 2.2 that∥∥∥(∑
j∈F
f jae j
)
ξ
∥∥∥
p
≤ sup
j∈J
‖ f jae j‖ · ‖ξ|⊔ j∈FY j‖p.
Since ‖ξ|⊔ j∈JY j‖p ≤ ‖ξ‖p < ∞, we know
{
ξ|⊔ j∈FY j
}
F
is a Cauchy net. Hence,
∑
j∈J f jae j
converges in (SOT) and ‖
∑
j∈J f jae j‖ ≤ sup j∈J ‖ f jae j‖. On the other hand, it is clear
that ‖
∑
j∈J f jae j‖ ≥ sup j∈J ‖ f jae j‖. Hence we finish the proof for p > 1. Since the
proof for the case of p = 1 is more direct, we leave the details to the reader. 
Remark 2.5. Note that the multiplication by Cb(X) commutes with the block cut-
downs, i.e., for any a ∈ B(Lp(X;E)) and f ∈ Cb(X), we have
fθ(e j) j∈J (a) = θ(e j) j∈J( f a) and θ(e j) j∈J(a) f = θ(e j) j∈J (a f ).
Definition 2.6. Suppose X is a metric family of subsets in X (recall that a metric
family is a set of metric spaces), each of the subset is equipped with the induced
metric and a ∈ B(Lp(X;E)). We say that a is block diagonal with respect to X, if
there exist an equicontinuous family (e j) j∈J of positive contractions in Cb(X) with
pairwise disjoint supports and {Y j} j∈J ⊆ X, such that
a = θ(e j) j∈J (a),
and supp(e j) ⊆ Y j. In this case, we shall denote aY j := e jae j, which is called the
Y j-block of a.
2.3. Lp-Roe-like algebras. Nowwe introduce Lp-Roe-like algebras, which are our
main objects in this paper.
Definition 2.7. Let R ≥ 0 and a ∈ B(Lp(X;E)). We say that
• ahaspropagation atmostR, if for any f , f ′ ∈ Cb(X)with d(supp( f ), supp( f
′)) >
R, then f a f ′ = 0.
• a has ε-propagation at most R for some ε > 0, if for any f , f ′ ∈ Cb(X)1 with
d(supp( f ), supp( f ′)) > R, then ‖ f a f ′‖ < ε.
• a is quasi-local, if it has finite ε-propagation for every ε > 0.
Definition 2.8. Let (X, d) be a propermetric space equippedwith a Radonmeasure
µ whose support is X, and p ∈ [1,+∞). Suppose E is a Banach space and B ⊆
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B(Lp(X;E)) is a Banach subalgebra such that Cb(X)BCb(X) = B and is closed under
block cutdowns. Define:
(i) Roe(X,B) to be the norm-closure of all the operators in B with finite propa-
gations. Roe(X,B) is called the Lp-Roe-like algebra of (X, d, µ);
(ii) K(X,B) to be the norm-closure of C0(X)BC0(X) in B(L
p(X;E)).
Remark 2.9. The definition of L2-Roe-like algebras come from [34, Definition 2.3],
in which the following extra condition is also imposed:
(2.2) [C0(X),B] ⊆ K(X,B).
This condition is used in the proof of their main theorem, [34, Theorem 2.8, “(i)⇒
(iii)”]. However, it turns out to be redundant if we apply our Lemma 3.5 below.
On the other hand, this condition is fulfilled by most of the well-known Lp-Roe-
like algebras for p ∈ (1,∞) (as we will see in the following examples), but not for
p = 1 (see the explanation in Example 2.12). This is exactly our starting point to
explore whether condition (2.2) is necessary, and it turns out that we may omit it
in Definition 2.8 without affecting the main theorem. In this way, our main result
(Theorem 3.3) is a slight generalisation of [34, Theorem 2.8].
We notice that in the case of p = 2, it has been pointed out in [34, Remark 2.4]
thatK(X,B) is an ideal in Roe(X,B) under the additional condition (2.2). Now we
show that it still holds in our settings.
Lemma 2.10. For any p ∈ [1,+∞), K(X,B) is a closed two-sided ideal in Roe(X,B).
Proof. It suffices to show that for any b = f1b1g1 ∈ Cc(X)BCc(X) and a ∈ B with
finite propagation at most R, ba ∈ K(X,B). Take a function g2 ∈ Cc(X) such that
g2 is 1 on the compact subset NR(supp(g1)). It follows that g1a(1 − g2) = 0, which
implies that g1a = g1ag2. Hence, we have
ba = f1b1g1a = f1(b1g1a)g2.
Recall that Cb(X)BCb(X) = B, so we have b1g1 ∈ B and a ∈ B, which implies that
ba ∈ Cc(X)BCc(X). Similarly, ab ∈ Cc(X)BCc(X) as well. So we finish the proof. 
Before we illustrate several examples of Lp-Roe-like algebras, let us recall the
following notion related to matrix algebras.
Definition 2.11. Let (X, d) be a discrete proper metric space and p ∈ [1,+∞).
Denote
M
p
X := Cc(X)B(ℓ
p(X))Cc(X)
B(ℓp(X))
,
i.e., for any fixed point x0 ∈ X
M
p
X =
⋃
n∈N
M
p
Bn(x0)
where M
p
Bn(x0)
= B(ℓp(Bn(x0))) ⊆ B(ℓ
p(X)), which is the matrix algebra over the
closed ball of radius n and centered in x0. In other words, operators in M
p
X are
exactly those that can be approximated by finite matrices.
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Phillips studied the relation between M
p
X and compact operators K(ℓ
p(X)) in
[25]. He showed that when p > 1,M
p
X = K(ℓ
p(X)) ([25, Lemma 1.7, Corollary 1.9]);
and when p = 1,M
1
X ( K(ℓ
1(X)) in general as illustrated in [25, Example 1.10] (see
also Example 2.12).
Now we are ready to provide various of examples of Lp-Roe-like algebras,
which include ℓp-uniform Roe algebras, band-dominated operator algebras, Lp-
Roe algebras, ℓp-uniform algebras and stable ℓp-uniform Roe algebras.
Example 2.12 (ℓp-Uniform Roe Algebra). Let (X, d) be a discrete proper metric
space and p ∈ [1,+∞). Take E = C to be the complex number and B = B(ℓp(X)),
which is clearly closed under block cutdowns, and satisfies Cb(X)BCb(X) = B. In
this case, Roe(X,B) is called the ℓp-uniform Roe algebra of X, which is defined in
[3] and denoted by B
p
u(X), and K(X,B) is M
p
X introduced above. It may be worth
noting thatM
1
X is structurally different fromM
p
X for p > 1.
• p > 1: As pointed out above,M
p
X = K(ℓ
p(X)). And condition (2.2) follows from
the fact that C0(X)B ⊆ K(X,B) and BC0(X) ⊆ K(X,B).
• p = 1: The algebra K(X,B) is in general properly contained in K(ℓ1(X)) (see
Example 1.10 in [25]). For example, takingX to be the natural numberN, consider
the operator T : ℓ1(N)→ ℓ1(N) defined by
T(ξ) :=
(∑
n∈N
ξ(n)
)
δ0,
where ξ ∈ ℓ1(N) and δ0 ∈ ℓ
1(N) is the function taking value 1 at the origin point
0, and 0 elsewhere. Since T has rank 1, it belongs to K(ℓ1(N)). However, it
is not hard to see that T < K(N,B(ℓ1(N))) = M
1
N. Furthermore, the operator
T also illuminates that condition (2.2) does not hold in general, since [δ0,T] <
K(N,B(ℓ1(N))).
Example 2.13 (Band-Dominated Operator Algebra). Let (X, d) be a uniformly
discrete metric space of bounded geometry (in the sense that for a given R > 0, all
closed ballsB(x,R) have a uniform bound on cardinalities for all x ∈ X), p ∈ (1,+∞)
and E be a Banach space. Take B = B(ℓp(X;E)), which is clearly closed under block
cutdowns and satisfies Cb(X)BCb(X) = B. Elements in B can be represented in the
matrix form
b = (bx,y)x,y∈X ∈ B(ℓ
p(X;E)), where bx,y ∈ B(E).
In this case, Roe(X,B) =A
p
E
(X), which is the algebra of band-dominated operators
(see [35, Definition 2.6]) and it is clear thatK(X,B) = K
p
E
(X), which is the set of all
P-compact operators on ℓp(X;E), defined in [35, Definition 2.8].
Example 2.14 (Lp-Roe Algebra). Let (X, d) be a proper metric space equipped with
a Radon measure µ with support X, and p ∈ [1,+∞). We say that an operator b
in B(Lp(X; ℓp(N)))  B(Lp(X ×N)) is locally compact if for any f ∈ C0(X), f b and b f
belong to K(Lp(X ×N)).
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Now take E = ℓp(N) and B to be the set of all locally compact operators
in B(Lp(X; ℓp(N))), which is clearly closed under block cutdowns and satisfies
Cb(X)BCb(X) = B. The corresponding L
p-Roe-like algebra Roe(X,B) is called the Lp-
Roe algebra of X, denoted byBp(X). It is, by definition, the norm closure of all locally
compact and finite propagation operators in B(Lp(X; ℓp(N))). Analogous to the
arguments in Example 2.12, one can check thatwhen p > 1,K(X,B) = K(Lp(X×N))
and it does not hold in general when p = 1.
When X is discrete, the Lp-Roe algebra Bp(X) coincides with the ℓp-Roe algebra
defined in [3] and in the case of p = 2, the L2-Roe algebra is the classical Roe
algebra in the literature.
Remark 2.15. As explained in [3], there is another version of locally compactness:
we say that an operator b in B(Lp(X; ℓp(N))) is locally compact if for any f ∈ C0(X),
f b and b f belong to K(Lp(X)) ⊗M
p
N ⊆ B(L
p(X ×N)). Note that the subalgebra
K(Lp(X))⊗M
p
N is isomorphic to the norm closure of
⋃
n∈NM
p
n(K(L
p(X))). Therefore,
we can alternatively define another version of the Lp-Roe algebra of X to be the
norm closure of all locally compact (in this new sense) and finite propagation
operators in B(Lp(X; ℓp(N))). When p > 1, it coincides with Bp(X) defined in
Example 2.14 as K(Lp(X)) ⊗M
p
N  K(L
p(X ×N)). However, it is strictly contained
in B1(X) when p = 1.
Example 2.16 (ℓp-Uniform Algebra). Let (X, d) be a discrete metric space with
bounded geometry and p ∈ [1,+∞). Set E = ℓp(N), and B to be the closure of
the set of all b = (bx,y)x,y∈X ∈ B(ℓ
p(X; ℓp(N))) for which the rank of bx,y ∈ B(ℓ
p(N))
is uniformly bounded. Clearly, B is closed under block cutdowns, and satisfies
Cb(X)BCb(X) = B. In this case, Roe(X,B) = UB
p(X), the ℓp-uniform algebra of X,
introduced in [3]. When p > 1, we have that K(X,B) = K(lp(X ×N)). But it does
not hold in general when p = 1.
Example 2.17 (Stable ℓp-Uniform Roe Algebra). Let (X, d) be a discrete metric
space with bounded geometry and p ∈ [1,+∞). Set E = ℓp(N), and B to be the
closure of the set of all b = (bx,y)x,y∈X ∈ B(ℓ
p(X; ℓp(N))) for which there exists
a finite-dimensional subspace Eb ⊆ ℓ
p(N) such that bx,y ∈ B(Eb) ⊆ B(ℓ
p(N)).
Clearly, B is closed under block cutdowns and satisfies Cb(X)BCb(X) = B. In
this case, Roe(X,B) = B
p
s (X), the stable ℓ
p-uniform Roe algebra of X, introduced
in [3]. Moreover, B
p
s (X)  B
p
u(X) ⊗ K(ℓ
p(N)), which explains the terminology.
Analogous to the arguments in Example 2.12, one can check that when p > 1,
K(X,B) = K(lp(X ×N)) and it does not hold in general when p = 1.
Remark 2.18. As explained in [3], there is another version of the stable ℓp-uniform
Roe algebra of X, defined to be the norm closure of finite propagation operators
b = (bx,y)x,y∈X ∈ B(ℓ
p(X; ℓp(N))) for which there exists some k ∈ N such that
bx,y ∈ Mk(C) ⊆ B(ℓ
p(N)) (here Mk(C) is embedded as a subalgebra of B(ℓ
p(N))
in a fixed way, independent of the points in X). It is clear that this algebra is
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isomorphic to B
p
u(X) ⊗M
p
N for all p ∈ [1,∞). As before for p > 1, it coincides with
B
p
s (X) defined in Example 2.17.
Remark 2.19. In general, we have that for discrete space X,
B
p
u(X) ⊆ B
p
s (X) ⊆ UB
p(X) ⊆ Bp(X).
It is worth noticing that UB1(X) is not contained in the weak version of the L1-
Roe algebra defined in Remark 2.15. Indeed, Example 2.12 provides a rank one
operator T ∈ B(ℓ1(N)) which does not sit in M
1
N. Define the diagonal operator
b ∈ B(ℓ1(X; ℓ1(N))) by bx,x := T for x ∈ X, and bx,y = 0 for x , y. Clearly, b is such
an example as desired.
2.4. Straight finite decomposition complexity. In this subsection, we explain
the notion of straight finite decomposition complexity, which will be used in the
sequel.
Straight finite decomposition complexity (sFDC) was introduced in [7] as a
weak version of the original notion of finite decomposition complexity (FDC),
which was introduced and studied by Guentner, Tessera and Yu in their study
of topological rigidity in [12]. In general, finite asymptotic dimension implies
finite decomposition complexity [13, Theorem 4.1], which consequently implies
straight finite decomposition complexity [7, Proposition 2.3]. Moreover, it was
also shown in [7, Theorem 3.4] that straight finite decomposition complexity does
imply Yu’s Property A. However, it is still unknown whether (FDC), (sFDC) and
Yu’s Property A are all equivalent or not.
Definition 2.20. Let (X, d) be a proper metric space and Z,Z′ ⊆ X. Let X,Y be
metric families of subsets in X, and R ≥ 0.
• X is uniformly bounded, if supX∈X diam(X) < ∞.
• Denote the R-neighbourhood of Z byNR(Z) := {z ∈ X : d(z,Z) ≤ R}. Set
NR(X) := {NR(X) : X ∈ X}.
• A metric family (Y j) j∈J of subsets of X is R-disjoint, if d(Y j,Y
′
j
) > R for all
j , j′. Write ⊔
R−dis joint
Y j
for their union to indicate that the family is R-disjoint.
• Z can R-decompose overY, if Z can be decomposed into Z = X0 ∪ X1 and
Xi =
⊔
R−disjoint
Xi j, i = 0, 1,
such that Xi j ∈ Y for all i, j.
• X can R-decompose over Y, denoted by X
R
−→ Y, if every Y ∈ X can R-
decompose over Y.
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• X has straight finite decomposition complexity, if for any sequence 0 ≤ R1 <
R2 < · · · , there exists m ∈N and metric families {X} = X0,X1, . . . ,Xm, such
that Xi−1
Ri
−→ Xi for i = 1, . . . ,m, and the family Xm is uniformly bounded.
We remark here briefly that one way to define finite decomposition complexity
is to use a “decomposition game”, which means a priori that the choices of Ri
might depend on the previous families X0,X1, . . . ,Xi−1. Consequently, sFDC can
be obviously implied from FDC.
3. The main theorem
In this section, we present our main result (Theorem 3.3), which gives several
different pictures of how elements in Lp-Roe-like algebras may look like. We also
prove the relatively easier part where straight finite decomposition complexity
is not required, while leaving the rest of the proof to the next section after more
technical tools are developed.
To state our main theorem, we need to introduce some notions as follows.
Definition 3.1 ([28]). Let (X, d) be a proper metric space. A function g ∈ Cb(X) is
called a Higson function (also called a slowly oscillating function), if for every R > 0
and ε > 0, there exists a compact set A ⊆ X such that for any x, y ∈ X\A with
d(x, y) < R, then |g(x) − g(y)| < ε. The set of all Higson functions on X is denoted
by Ch(X).
Definition 3.2. [34, Definition 2.6], Let (X, d) be a metric space. A bounded
sequence ( fn)n∈N in Cb(X) is called very Lipschitz, if for every L > 0, there exists
n0 ∈ N such that fn is L-Lipschitz for any n ≥ n0. Let VL(X) denote the set of all
very Lipschitz bounded sequences in Cb(X). Define
VL∞(X) := VL(X)
/{
( fn)n∈N ∈ VL(X) : lim
n→∞
‖ fn‖ = 0
}
.
It is known from [34] that VL(X) is a C∗-subalgebra of ℓ∞(N,Cb(X)) and VL∞(X)
is a C∗-subalgebra of (Cb(X))∞. In the following, we will view both VL∞(X) and
B ⊆ B(Lp(X;E)) as Banach subalgebras of B(Lp(X;E))∞, and consider the relative
commutant:
B ∩ VL∞(X)
′
= {b ∈ B : b commutes with elements in VL∞(X)}.
It is clear that any operator inB(Lp(X;E)) with finite propagation commutes with
VL∞(X). Hence, by taking limits it follows that
(3.1) Roe(X,B) ⊆ B ∩ VL∞(X)
′.
The converse inclusion is also true provided the space X has straight finite de-
composition complexity and this is included in our main theorem as follows (this
is the complete version of Theorem A in Section 1):
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Theorem 3.3. Let (X, d) be a proper metric space equipped with a Radon measureµwhose
support is X, and p ∈ [1,+∞). Suppose E is a Banach space and B ⊆ B(Lp(X;E)) is a
Banach subalgebra such that Cb(X)BCb(X) = B and B is closed under block cutdowns.
Then for b ∈ B, the following are equivalent:
(i). [b, f ] = 0 for all f ∈ VL∞(X);
(ii). b is quasi-local;
(iii). [b, g] ∈ K(X,B) for any g ∈ Ch(X).
If X has straight finite decomposition complexity, then these are also equivalent to:
(iv). b ∈ Roe(X,B).
Recall that we have already explained in Remark 2.9 that Theorem 3.3 is a
slight generalisation of [34, Theorem 2.8] as condition (2.2) is not required here.
Also notice that (3.1) implies that “(iv) ⇒ (i)” holds generally and the converse
implication is also true under the extra condition of straight finite decomposition
complexity.
In the remaining of this section, we prove that (i), (ii) and (iii) in Theorem 3.3
are all equivalent, and leave the implication “(i)⇒ (iv)” to the next section, after
we develop some technical tools such as Proposition 4.1.
3.1. “(i)⇔ (ii)”. We start with the proof of Theorem 3.3, “(i)⇔ (ii)”. The implica-
tion “(i)⇒ (ii)” follows exactly from the same arguments in [34], while the proof
of “(ii)⇒ (i)” is slightly different from that one given in [34] due to the absence of
inner products. Fortunately, since both proofs are relativity short, we include the
details for the convenience of the reader.
Let us begin with the following characterisation of the condition (i) in The-
orem 3.3, which is proved in [34] when p = 2 and actually holds for general
p.
Lemma 3.4. [34, Lemma 3.1] Let p ∈ [1,∞), b ∈ B(Lp(X;E)) and ε > 0. Then
‖[b, f ]‖ < ε for every f ∈ VL∞(X)1 if and only if there exists some L > 0 such that
b ∈ Commut(L, ε), where
Commut(L, ε) :=
{
a ∈ B(Lp(X;E)) : ‖[a, f ]‖ < ε, for any L-Lipschitz f ∈ Cb(X)1
}
.
Proof of Theorem 3.3, “(i)⇔ (ii)”. Assume b ∈ B(Lp(X;E)) such that [b,VL∞(X)1] = 0
and let ε > 0. By Lemma 3.4, there exists some L > 0 such that b ∈ Commut(L, ε).
For any f , g ∈ Cb(X)1 with L
−1-disjoint supports, we may choose an L-Lipschitz
h ∈ Cb(X)1 such that h|supp f ≡ 1 and h|suppg ≡ 0. In particular, ‖[b, h]‖ < ε. Therefore,
‖ f bg‖ = ‖ f hbg‖ ≤ ‖[h, b]‖ + ‖ f bhg‖ < ε + 0 = ε.
Hence, b is quasi-local as desired.
On the other hand, we assume that for any ε > 0, b has finite ε-propagation.
Without loss of generality, we may assume that b is a contraction. Given ε > 0,
pickN such that 6/N < ε/2. By the hypothesis, b has ε/(2N2)-propagation at most
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R > 0. For any (2RN)−1-Lipschitz f ∈ Cb(X)1, we claim that ‖[b, f ]‖ < ε. In fact,
take
A1 := f
−1([0,
1
N
]), and Ai := f
−1((
i − 1
N
,
i
N
]), i = 2, . . . ,N.
These sets partition X, and Ai is 2R-disjoint from A j for |i − j| > 1. Now choose
a partition of unity e1, . . . , eN ∈ Cb(X) such that ei is supported in NR/2(Ai). Thus,
‖eibe j‖ < ε/(2N
2) for |i − j| > 1. Meanwhile, we have
f ≈1/N
N∑
i=1
i
N
ei.
Hence, it follows that
‖[ f , b]‖ ≤
2
N
+
∥∥∥ N∑
i=1
[
i
N
ei, b]
∥∥∥
=
2
N
+
∥∥∥( N∑
i=1
i
N
eib
)( N∑
j=1
e j
)
−
( N∑
i=1
ei
)( N∑
j=1
j
N
be j
)∥∥∥
≤
2
N
+
∑
|i− j|>1
‖eibe j‖ +
∥∥∥∥∥∥∥
∑
|i− j|≤1
(
i
N
−
j
N
)eibe j
∥∥∥∥∥∥∥ .
Each term in the first sum is dominated by ε
2N2
, hence
∑
|i− j|>1 ‖eibe j‖ < ε/2. The
second sum can be broken into four sums: note that the terms vanish when i = j;
what remain are j = i+1 and j = i−1, andwe break each of these further into even
and odd parts. By Lemma 2.4, each of these terms has norm at most 1
N
. Hence,
we have that
‖[ f , b]‖ <
2
N
+
ε
2
+
4
N
< ε.
So we complete the proof by Lemma 3.4. 
3.2. “(i) ⇔ (iii)”. Now we move on to Theorem 3.3, “(i) ⇔ (iii)”. Here our
major work is focused on omitting condition (2.2), as well as providing a “non-
symmetric” version of the argument given in [34] for p = 2. However, the main
body of the proof is still very similar to that of the original p = 2 case [34], so we
just outline the proof and highlight the differences we make here.
First of all, we recall that the proof of “(i)⇒ (iii)” given in [34] requires condi-
tion (2.2):
[C0(X),B] ⊆ K(X,B).
After a careful reading of the proof, we realise that it is unnecessary to assume
the entire B essentially commuting with C0(X) but only a closed subalgebra of B
as shown in the following lemma:
Lemma 3.5. Let p ∈ [1,∞) and B be a Banach subalgebra of B(Lp(X;E)) such that
Cb(X)BCb(X) = B. If b ∈ B satisfies [b,VL∞(X)] = 0, then [b,C0(X)] ⊆ K(X,B).
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Proof. Let b ∈ B such that [b,VL∞(X)] = 0. Since K(X,B) is closed, we only need
to prove [b, g] ∈ K(X,B) for any g ∈ Cc(X).
Fix a base point x0 ∈ X. For each k ∈ N, we may choose a (k
−1)-Lipschitz
function fk ∈ Cb(X)1 such that fk vanishes on supp(g) and fk|BRk (x0)c = 1 for some
sufficiently large Rk > 0. Hence, the sequence ( fk)k∈N ∈ VL∞(X) and ‖[b, fk]‖ → 0
for k →∞ by assumption. Since g fk = 0 for any k ∈N, it follows that
‖[b, g] fk‖ = ‖bg fk − gb fk‖ = ‖gb fk‖ = ‖g[b, fk]‖ ≤ ‖g‖ · ‖[b, fk]‖ → 0,
as k→∞. Similarly, we have that ‖ fk[b, g]‖ → 0 and ‖ fk[b, g] fk‖ → 0 as k →∞.
Moreover, we have that
‖[b, g] − (1 − fk)[b, g](1 − fk)‖ ≤ ‖[b, g] fk‖ + ‖ fk[b, g]‖ + ‖ fk[b, g] fk‖ → 0,
as k → ∞. Since supp(1 − fk) ⊆ BRk(x0) and Cb(X)BCb(X) = B, it follows that
(1 − fk)[b, g](1 − fk) ∈ Cc(X)BCc(X). Hence, [b, g] ∈ K(X,B). 
Replacing condition (2.2) by Lemma 3.5 in the original proof for p = 2 [34], we
obtain a proof of Theorem 3.3 “(i) ⇒ (iii)” without any further changes. Hence
we omit the details.
Nowwe outline the proof for the other direction, “(iii)⇒ (i)”. Since Lp-Roe-like
algebras may not possess a bounded involution in general, the proof becomes
slightly different. Fix a base point x0 ∈ X. For R > 0, we define eR ∈ C0(X) by
eR(x) := max{0, 1 − d(x,BR(x0))/R}.
Lemma 3.6 ([34], Lemma 5.4). For ( fk)
∞
k=1
∈ VL(X), a subsequence ( fki)
∞
i=1
, and a
sequence of positive numbers (Ri)
∞
i=0
with Ri+1 ≥ 6Ri for each i, define
g( fki ),(Ri) :=
∞∑
i=1
fki(eRi − e3Ri−1).
Then g( fki ),(Ri) ∈ Ch(X).
Sketch of the proof of Theorem 3.3 “(iii)⇒ (i)”. Fix a point x0 ∈ X, and set BR :=
BR(x0). Recall b satisfies the condition that [b, g] ∈ K(X,B) for any g ∈ Ch(X).
Now assume b is a contraction, and that there exists some f = ( fk)
∞
k=1
∈ VL∞(X)
such that [b, f ] , 0. Take an ε : 0 < ε < ‖[b, f ]‖, and consider two cases.
Case I. There exists R0 > 0 such that for any S > 0, there exists infinitely many k:
either ‖χBR0 [b, fk](1 − χBS)‖ >
ε
5
, or ‖(1 − χBS)[b, fk]χBR0‖ >
ε
5
.
In other words, there exists R0 > 0 with the property that
1) either: there exists a sequence S1 < S2 < . . . tending to ∞, such that for any
n ∈N, there exist infinitely many k such that ‖χBR0 [b, fk](1 − χBSn )‖ >
ε
5
;
2) or: there exists a sequence S1 < S2 < . . . tending to∞, such that for any n ∈N,
there exist infinitely many k such that ‖(1 − χBSn )[b, fk]χBR0‖ >
ε
5
.
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We only prove in the first situation, while the second is similar.
Since ( fk) is very Lipschitz, fk|BR0 tends towards constant as k → ∞. So without
loss of generality, we can assume that fk|BR0 ≡ γk, for all k. Setting fˆk := fk − γk
gives us another very Lipschitz sequence ( fˆk)
∞
k=1
satisfying the same condition and
fˆk|BR0 ≡ 0. Additionally, for all k, we have that
χBR0 [b, fˆk] = χBR0b fˆk.
By assumption, there exists a sequence S1 < S2 < . . . tending to ∞, such that for
any n ∈N, we can find infinitely many k such that ‖χBR0b fˆk(1 − χBSn )‖ >
ε
5
.
As the original proof for p = 2 [34, Section 5], we may choose sequences:
k1 < k2 < . . . and R1,R2, . . . satisfying
‖χBR0b fˆki(eRi − e3Ri−1)‖ >
ε
10
.
Applying Lemma 3.6 to ( fˆki) and (Ri), we obtain g ∈ Ch(X) defined by:
g := g( fˆki ),(Ri)
=
∞∑
i=1
fˆki(eRi − e3Ri−1).
Hence for any S > R0, choose an i such that 3Ri−1 > S, and we have
‖[b, g](1 − χBS)‖ ≥ ‖χBR0 [b, g](1 − χBS)(χB2Ri − χB3Ri−1 )‖
= ‖χBR0b fˆki(eRi − e3Ri−1)‖
>
ε
10
,
which contradicts with the hypothesis that [b, g] ∈ K(X,B).
Case II. For every R > 0, there exists S > 0 such that, for all but finitely many
k ∈N, we have
‖χBR[b, fk](1 − χBS)‖ ≤
ε
5
and ‖(1 − χBS)[b, fk]χBR‖ ≤
ε
5
.
Without loss of generality, we may assume that S > R.
Suppose we are given R > 0 and K ∈N, and let S be given as above. Then there
exists k ≥ K such that
(3.2) ‖χBR[b, fk](1 − χBS)‖ ≤
ε
5
, and ‖(1 − χBS)[b, fk]χBR‖ ≤
ε
5
.
By assumption, we have ‖[b, fk]‖ > ε; and since ( fk) is very Lipschitz, we can also
assume that fk|BS ≈ε/10 γ for some constant γ. Hence, we have:
(3.3) ‖χBS[b, fk]χBS‖ ≤ 2 ·
ε
10
· ‖b‖ ≤
ε
5
.
Now cutting the space by BR,B
c
R and BS,B
c
S
, we have the following decomposition
for the operator T = [b, fk] (recall we assume that S > R):
T = (1− χBR)T(1− χBR)+ χBRTχBS + χBRT(1− χBS)+ (χBS − χBR)TχBR + (1− χBS)TχBR .
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From Inequalities (3.2), the norms of the third and fifth items are less than or equal
to ε
5
; and from Equality (3.3), the norms of the second and fourth items are less
than or equal to ε
5
as well. Hence by triangle inequality, we have:
‖(1 − χBR)[b, fk](1 − χBR)‖ ≥ ‖[b, fk]‖ − (‖χBR[b, fk]χBS‖ + ‖(χBS − χBR)[b, fk]χBR‖)
−(‖χBR[b, fk](1 − χBS)‖ + ‖(1 − χBS)[b, fk]χBR‖)
> ε −
2ε
5
−
2ε
5
=
ε
5
.
In conclusion, for every R > 0 and K ∈N, there exists k ≥ K such that:
(3.4) ‖(1 − χBR)[b, fk](1 − χBR)‖ >
ε
5
.
As the original proof for p = 2 [34, Section 5], we may choose sequences: k1 < k2 <
. . . and R1,R2, . . . satisfying Ri ≥ 6Ri−1 and
‖(χBRi − χB6Ri−1 )[b, fki](χBRi − χB6Ri−1 )‖ >
ε
5
.
Applying Lemma 3.6 to ( fki) and (Ri), we obtain g ∈ Ch(X) defined by:
g := g( fki ),(Ri) =
∞∑
i=1
fki(eRi − e3Ri−1).
By the choice of (Ri) above, for any i, we have
(χBRi − χB6Ri−1 )[b, g](χBRi − χB6Ri−1 ) = (χBRi − χB6Ri−1 )[b, fki](χBRi − χB6Ri−1 ).
Hence for any S > 0, choose an i such that 6Ri−1 > S, and we have
‖[b, g](1 − χBS)‖ ≥ ‖(χBRi − χB6Ri−1 )[b, g](χBRi − χB6Ri−1 )‖
= ‖(χBRi − χB6Ri−1 )[b, fki](χBRi − χB6Ri−1 )‖
>
ε
5
,
which contradicts with the hypothesis that [b, g] ∈ K(X,B). 
4. Proof of “(i)⇔ (iv)”
In this section, we will prove the remaining case of “(i)⇔ (iv)” in Theorem 3.3.
Recall that as explained in Section 3, “(iv)⇒ (i)” holds in general. So we will only
focus on the opposite implication “(i)⇒ (iv)”.
A key ingredient to prove “(i) ⇒ (iv)” is to approximate a bounded operator
via its block cutdowns as indicated in [34, Corollary 4.3] for the case of p = 2.
Unfortunately, their proof uses the technique of von Nuemann algebra, which is
no longer available for p , 2. Hence we need to search for a substitution of [34,
Corollary 4.3], and we figure out the following crucial result, which might be of
independent interest to experts in Banach space theory.
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Proposition 4.1. Let (X, d) be a proper metric space equipped with a Radon measure µ
whose support is X and p ∈ [1,+∞). Suppose E is a Banach space, a ∈ B(Lp(X;E)) and
a ∈ Commut(L, ε) for some L, ε > 0. Let (e j) j∈J be an equicontinuous family of positive
contractions in Cb(X) with 2/L-disjoint supports, and define e :=
∑
j∈J e j. Then, we have∥∥∥eae −∑
j∈J
e jae j
∥∥∥ ≤ ε.
The proof of the above proposition is technical and relatively long, sowe decide
to postpone it to Section 4.1 for the convenience of the reader, and first show how
to use the proposition to prove “(i)⇒ (iv)”. Let us start with the following lemma,
which is a consequence of Proposition 4.1 by the same proof of [34, Lemma 4.6].
It may be worth reminding the reader that for any L, ε > 0, we denote
Commut(L, ε) =
{
a ∈ B(Lp(X;E)) : ‖[a, f ]‖ < ε, for any L-Lipschitz f ∈ Cb(X)1
}
.
Lemma 4.2. Let X and Y be metric families of X such that X
4L−1+4
−−−→ Y for some L > 0,
and a ∈ B(Lp(X;E)) be block diagonal with respect to X for p ∈ [1,∞). Let ε > 0 be such
that a ∈ Commut(L, ε). Then we can write:
(4.1) a ≈8ε a00 + a01 + a10 + a11,
where each aii′ is of the form θ( fk)k∈K(gag
′) (see (2.1))for some g, g′ ∈ Cb(X)1 and some
equicontinuous positive family ( fk)k∈K in Cb(X)1 with disjoint supports, such that each
supp( fk) is contained in some set inNL−1+1(Y). In particular:
(i) each aii′ is block diagonal with respect toNL−1+1(Y),
(ii) if a ∈ Commut(L′, ε′) for some L′, ε′ > 0, then each aii′ is in Commut(L
′, ε′) as
well, and
(iii) if B ⊆ B(Lp(X;E)) is a Banach subalgebra such that Cb(X)BCb(X) = B and B is
closed under block cutdowns, and if a is in B, then each aii′ is in B as well.
Proof of Theorem 3.3, “(i)⇒ (iv)”. Although the proof is exactly the same as the one
given in [34], we decide to include it here for the completeness and show the
reader how straight finite decomposition complexity is used in the proof.
Take b ∈ B such that it commutes with all f ∈ VL∞(X). Given ε > 0, we aim to
construct a finite propagation operator in B, which is ε-close to b. It follows from
Lemma 3.4 that for every
εn := ε/(2 · 8
n),
there exists some Ln > 0 such that b ∈ Commut(Ln, εn). Set
Rn := 4(L
−1
n + 1) + 2(L
−1
n−1 + 1) + · · · + 2(L
−1
1 + 1).
Since X has straight finite decomposition complexity, there exist metric families
X0 = {X},X1, . . . ,Xm such that Xn−1
Rn
−→ Xn for n ∈ {1, . . . ,m} and Xm is uniformly
bounded. An elementary observation shows that
(4.2) N(L−1
n−1
+1)+···+(L−1
1
+1)(Xn−1)
4(L−1n +1)
−−−−→ N(L−1
n−1
+1)+···+(L−1
1
+1)(Xn).
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Thus, we can apply Lemma 4.2 inductively with Ln, εn, the operators obtained in
the previous iteration, andmetric families in (4.2). Afterm steps, we approximate
b by an operator b′ which is a sum of 4m operators in B, each of which is block
diagonal with respect to the bounded family N(L−1m +1)+···+(L−11 +1)
(Xm). Hence, oper-
ators which are block diagonal with respect to it clearly have finite propagation.
Consequently, b′ ∈ Roe(X,B). Finally, the distance between b and b′ is at most
8ε1 + 4(8ε2 + 4(8ε3 + 4(. . .))) = ε(
1
2
+
1
4
+
1
8
+ . . .) = ε
by Lemma 4.2. So we finish the proof. 
4.1. Approximationviablock cutdowns. Finally, we complete theproof ofPropo-
sition 4.1 as promised before.
The main difficulty is the lack of reflexivity of the Lp-Bochner space Lp(X;E)
for general p and general Banach space E (see e.g. [2, 5, 6]), which impedes
us from applying the original proof in [34] directly. Instead, we establish some
substituting results in functional analysis and state them in the context of general
Banach spaces, which conceivably would be of independent interests.
In the rest of this subsection, suppose X is a Banach space and Xˆ is a closed subspace of
the dual space X∗, which separates points in X (i.e., for any nonzero ξ ∈ X, there exists
some η ∈ Xˆ such that η(ξ) , 0). The inclusion i : Xˆ →֒ X∗ induces a surjective
adjoint map i∗ : X∗∗ → Xˆ∗. Composing it with the canonical map from X into its
double dual X∗∗, we obtain the following map
(4.3) τ : X→ Xˆ∗.
It is clear that τ is injective, as Xˆ separates points in X.
For any θ ∈ Xˆ∗ and η ∈ Xˆ, we use the notation 〈θ, η〉 for θ(η). Consider the
Banach space B(X, Xˆ∗) of all bounded operators from X to Xˆ∗, equipped with the
weak* operator topology (W*OT)3 defined as follows: a net {Tα} converges to T in
B(X, Xˆ∗) if and only if for any ξ ∈ X and any η ∈ Xˆ, we have
〈Tα(ξ), η〉 → 〈T(ξ), η〉.
The strong* topology with respect to Xˆ on B(X) is defined as follows: a net {Tα}
converges to T in B(X) if and only if for any ξ ∈ X and any η ∈ Xˆ, we have
‖Tα(ξ) − T(ξ)‖ → 0 and ‖T
∗
α(η) − T
∗(η)‖ → 0.
We say that Xˆ is a∗-invariant for a ∈ B(X) if a∗(Xˆ) ⊆ Xˆ. In this case, the restriction
a∗|
Xˆ
belongs to B(Xˆ). Hence, its adjoint (a∗|
Xˆ
)∗ belongs to B(Xˆ∗) as well. In order
to simplify notations, we write a(∗∗) instead of (a∗|
Xˆ
)∗. Clearly, for any ζ ∈ Xˆ∗ and
η ∈ Xˆwe have:
〈a(∗∗)ζ, η〉 = 〈ζ, a∗η〉.
3In [34] Sˇpakula and Tikuisis considered the weak operator topology (WOT) instead. However,
(WOT) and (W*OT) agree when X∗  X and taking Xˆ := X∗.
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Moreover, it is easy to check that if Xˆ is a∗-invariant for some a ∈ B(X), then
(4.4) a(∗∗)τ = τa.
In other words, the following diagram commutes:
X

 τ //
a

Xˆ∗
a(∗∗)

X

 τ // Xˆ∗.
We say that Xˆ is A∗-invariant for a subset A ⊆ B(X) if Xˆ is a∗-invariant for all
a ∈ A. If G is a subgroup of invertible isometries in B(X) and Xˆ is G∗-invariant,
then u∗(Xˆ) = Xˆ for all u ∈ G. It is clear that if u is an invertible isometry, then so
are u∗ and u(∗∗). Moreover, (u∗)−1 = (u−1)∗ and (u(∗∗))−1 = (u−1)(∗∗), which are denoted
by u−∗ and u−(∗∗), respectively. Now suppose (uα) and u are invertible isometries
in G and uα → u in the strong* topology with respect to Xˆ, then ‖u
−∗
α η − u
−∗η‖ → 0
for all η ∈ Xˆ. Indeed, we have
(4.5) ‖u−∗α η − u
−∗η‖ = ‖η − u∗αu
−∗η‖ = ‖u∗(u−∗η) − u∗α(u
−∗η)‖ → 0.
We have the following technical lemma, which generalises [34, Lemma 4.1].
Lemma 4.3. Suppose G is an abelian subgroup of the group of invertible isometries
in B(X), which is compact in the strong* topology with respect to Xˆ. Suppose Xˆ is
G∗-invariant, and define G′ := {a ∈ B(X, Xˆ∗) : au = u(∗∗)a,∀u ∈ G}.
Then there exists a unique idempotent linear contraction EG : B(X, Xˆ
∗)→ G′ with the
following properties:
1) For any b1, b2 ∈ G and a ∈ B(X, Xˆ
∗), EG(b
(∗∗)
1
ab2) = b
(∗∗)
1
EG(a)b2.
2) The restriction of EG to the unit ball of B(X, Xˆ
∗) is (W*OT)-continuous.
In this case, for any a ∈ B(X, Xˆ∗), we have that
(4.6) ‖EG(a) − a‖ ≤ sup
u∈G
‖au − u(∗∗)a‖.
Proof. Since G is compact with respective to the strong* topology, we consider the
normalised Haar measure µG on G. Fix a ∈ B(X, Xˆ
∗), the map
(G, strong* topology)→ (B(X, Xˆ∗),W∗OT)
defined by u 7→ u−(∗∗)au is clearly continuous. For each ξ ∈ X and each a ∈ B(X, Xˆ∗),
we may consider the following functional on Xˆ:
φξ,a : η 7→
∫
G
〈u−(∗∗)auξ, η〉dµG(u),
whose norm is bounded by ‖a‖ · ‖ξ‖. Therefore, we obtain a linear contraction
EG : B(X, Xˆ
∗)→ B(X, Xˆ∗) given by EG(a)(ξ) = φξ,a, where ξ ∈ X and a ∈ B(X, Xˆ
∗).
It remains to check thatEG satisfies the required properties. First of all, we show
that EG has image in G
′. More precisely, EG(a)v = v
(∗∗)EG(a) for any a ∈ B(X, Xˆ
∗)
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and any v ∈ G. Given ξ ∈ X and η ∈ Xˆ, it follows from the right-invariance of the
Haar measure µG that
〈EG(a)vξ, η〉 =
∫
G
〈u−(∗∗)auvξ, η〉dµG(u)
=
∫
G
〈v(∗∗)u−(∗∗)auξ, η〉dµG(u)
=
∫
G
〈u−(∗∗)auξ, v∗η〉dµG(u)
= 〈EG(a)ξ, v
∗η〉
= 〈v(∗∗)EG(a)ξ, η〉.
Hence, it follows that EG(a)v = v
(∗∗)EG(a).
Given a ∈ B(X, Xˆ∗), ξ ∈ X and η ∈ Xˆ, we have
|〈(EG(a) − a)ξ, η〉| ≤
∫
G
‖u−(∗∗)au − a‖ · ‖ξ‖ · ‖η‖dµG(u)
=
∫
G
‖au − u(∗∗)a‖ · ‖ξ‖ · ‖η‖dµG(u)
≤
(
sup
u∈G
‖au − u(∗∗)a‖
)
· ‖ξ‖ · ‖η‖.
Hence, (4.6) holds. In particular, EG(a) = a for any a ∈ G
′, which implies that
EG : B(X, Xˆ
∗)→ G′ is an idempotent.
Now let us check thatEG(b
(∗∗)
1
ab2) = b
(∗∗)
1
EG(a)b2 for any b1, b2 ∈ G and a ∈ B(X, Xˆ
∗).
Since G is abelian, we have
〈EG(b
(∗∗)
1
ab2)ξ, η〉 =
∫
G
〈u−(∗∗)b(∗∗)
1
ab2uξ, η〉dµG(u)
=
∫
G
〈b(∗∗)
1
u−(∗∗)aub2ξ, η〉dµG(u)
=
∫
G
〈u−(∗∗)aub2ξ, b
∗
1η〉dµG(u)
= 〈EG(a)b2ξ, b
∗
1η〉
= 〈b(∗∗)
1
EG(a)b2ξ, η〉,
for any ξ ∈ X and any η ∈ Xˆ. Hence, EG(b
(∗∗)
1
ab2) = b
(∗∗)
1
EG(a)b2.
In order to prove the (W*OT)-continuity of the restriction of EG to the unit
ball of B(X, Xˆ∗), we have to approximate the integration by finite Riemann sums
uniformly in the weak* operator topology:
Indeed, fix ξ ∈ X, η ∈ Xˆ and u ∈ G and for any ε > 0, from (4.5) there exists an
open neighbourhood Vu of u in the strong* topology such that for all v ∈ Vu and
all a ∈ B(X, Xˆ∗)1, we have
|〈v−(∗∗)avξ, η〉 − 〈u−(∗∗)auξ, η〉| < ε.
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Since {Vu : u ∈ G} forms an open cover of G and G is compact in the strong*
topology, there exists a finite subcover {Vu1 , . . . ,Vun} of G. Let W1 = Vu1 and we
put Wk = Vuk \
⋃k−1
i=1 Wi for 1 < k ≤ n. Without loss of generality, we may assume
that {Wk}
n
k=1
forms a non-empty Borel partition of G. Take an arbitrary point wk in
eachWk for k = 1, . . . , n. Then for any a ∈ B(X, Xˆ
∗)1 and u ∈Wk, we have that
|〈u−(∗∗)auξ, η〉 − 〈w−(∗∗)
k
awkξ, η〉| < 2ε.
In particular, we have that
∣∣∣〈EG(a)ξ, η〉 −
n∑
k=1
〈w−(∗∗)
k
awkξ, η〉µG(Wk)
∣∣∣
=
∣∣∣ n∑
k=1
∫
Wk
〈u−(∗∗)auξ, η〉dµG(u) −
n∑
k=1
∫
Wk
〈w−(∗∗)
k
awkξ, η〉dµG(u)
∣∣∣
≤
n∑
k=1
∫
Wk
∣∣∣〈u−(∗∗)auξ, η〉 − 〈w−(∗∗)
k
awkξ, η〉
∣∣∣dµG(u)
≤
n∑
k=1
∫
Wk
2εdµG(u) = 2ε,
for all a ∈ B(X, Xˆ∗)1. Since the map a 7→
∑n
k=1 µG(Wk)w
−(∗∗)
k
awk is continuous in the
weak* operator topology, it is not hard to see that the restriction of EG to the unit
ball of B(X, Xˆ∗) is (W*OT)-continuous as well.
Finally, we check the uniqueness of EG. If we have another E : B(X, Xˆ
∗) → G′
satisfying all the conditions in the lemma, then:
EG(a) = E(EG(a)) (E fixes G
′)
= E
(
W∗OT−
∫
G
u−(∗∗)audµG(u)
)
= W∗OT −
∫
G
E(u−(∗∗)au)dµG(u) (W
∗OT-continuity on the unit ball)
= W∗OT−
∫
G
u−(∗∗)E(a)udµG(u) (Property 1))
= EG(E(a))
= E(a) (EG fixes G
′)
for all a ∈ B(X, Xˆ∗)1. Thus, EG = E and we complete the proof. 
Now let us return to the setting of Proposition 4.1. Let (X, d) be a proper
metric space equipped with a Radon measure µ whose support is X. Let q be the
conjugate exponent to p when p ∈ (1,+∞), and q = 0 when p = 1. Suppose E is
a Banach space and (e j) j∈J is an equicontinuous family of positive contractions in
Cb(X) with uniformly disjoint supports.
In order to apply Lemma 4.3, we put X = Lp(X;E) and Xˆ = Lq(X;E∗). Clearly, Xˆ
is a closed subspace of the dual space X∗, and separates points in X by Lemma 2.2.
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For each j ∈ J, set A j = supp(e j) and B = X \
(⊔
j∈J A j
)
. We consider p j and qc in
B(Lp(X;E)) given by p j(ξ) = χA jξ and qc(ξ) = χBξ for ξ ∈ L
p(X;E). We define that
(4.7) G =

∑
j∈J
(−1)α jp j + (−1)
βqc : (α j) j∈J ⊆ (Z/2)
J, β ∈ Z/2
 ,
where the sum converges in (SOT) and each element in G can be presented by
a function of the form
∑
j∈J(−1)
α jχA j + (−1)
βχB (in the pointwise convergence) via
the faithful multiplication representation ρ : L∞(X)→ B(Lp(X;E)).
Since g2 = id for all g ∈ G, G becomes a subgroup of the invertible isometry
group in B(Lp(X;E)), and clearly G is abelian. Also notice that Xˆ is L∞(X)∗-
invariant as for any f ∈ L∞(X) ⊆ B(Lp(X;E)) and η ∈ Xˆ, we have that f ∗(η) = f · η
by pointwise multiplications as functions on X.4 Consequently, Xˆ is G∗-invariant
since G ⊆ ρ(L∞(X)). Moreover, the strong* topology on G with respect to Xˆ is
compact, as it is homeomorphic to the product topology on (Z/2)J∪{β}.5
The next lemma is a replacement of [34, Corollary 4.2], where Sˇpakula and
Tikuisis work within the setting of von Neumann algebras. Instead, we provide
a direct and concrete proof here as follows:
Lemma 4.4. As above, the group G is defined as in (4.7) and q is the conjugate exponent
to p when p ∈ (1,∞), and q = 0 when p = 1. Let X = Lp(X;E) and Xˆ = Lq(X;E∗).
If G′ = {a ∈ B(X, Xˆ∗) : au = u(∗∗)a,∀u ∈ G}, then there exists a (W*OT)-continuous
idempotent linear contraction E : B(X, Xˆ∗)→ G′ given by the formula
E(x) =
∑
j∈J
p(∗∗)
j
xp j + q
(∗∗)
c xqc,
where the sum converges in (SOT). Moreover, E(b(∗∗)
1
ab2) = b
(∗∗)
1
E(a)b2 for any b1, b2 ∈ G
and a ∈ B(X, Xˆ∗). Consequently, we have that
‖E(a) − a‖ ≤ sup
u∈G
‖au − u(∗∗)a‖, for any a ∈ B(X, Xˆ∗).
Proof. It is clear that E is a (W*OT)-continuous linearmap onB(X, Xˆ∗) and the sum
defining E converges in (SOT), so we leave the details to the readers.
Let us first verify that E is a contraction. When p = 1, we have
‖E(x)ξ‖ ≤
∑
j∈J
‖xp jξ‖ + ‖xqcξ‖ ≤ ‖x‖ ·
(∑
j∈J
‖χA jξ‖1 + ‖χBξ‖1
)
= ‖x‖ · ‖ξ‖1,
4It is worth noting that C0(X,E
∗) is not L∞(X)∗-invariant and this is the reason why we use
L0(X;E∗) instead of C0(X,E
∗) when p = 1.
5However, it is false for L∞(X;E∗) and this is the reasonwhywe use L0(X;E∗) instead of L∞(X;E∗)
when p = 1.
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for any ξ ∈ L1(X;E) by Lemma 2.2. It implies that E is a contraction in this case.
When p > 1, it follows from Ho¨lder’s inequality that∣∣∣〈∑
j∈J
p(∗∗)
j
xp jξ + q
(∗∗)
c xqcξ, η
〉∣∣∣ ≤ ∑
j∈J
|〈xp jξ, p
∗
jη〉| + |〈xqcξ, q
∗
cη〉|
≤ ‖x‖ ·
(∑
j∈J
‖p jξ‖p · ‖p
∗
jη‖q + ‖qcξ‖p · ‖q
∗
cη‖q
)
≤ ‖x‖ ·
(∑
j∈J
‖p jξ‖
p
p + ‖qcξ‖
p
p
) 1
p
·
(∑
j∈J
‖p∗jη‖
q
q + ‖q
∗
cη‖
q
q
) 1
q
= ‖x‖ · ‖ξ‖p · ‖η‖q,
for any ξ ∈ Lp(X;E) and η ∈ Lq(X;E∗). This implies that
‖E(x)ξ‖ =
∥∥∥∑
j∈J
p(∗∗)
j
xp jξ + q
(∗∗)
c xqcξ
∥∥∥ ≤ ‖x‖ · ‖ξ‖p
by Lemma 2.2. Hence, E is a contraction in this case as well.
Nowwe show that the image of E sits insideG′. Indeed, given any x ∈ B(X, Xˆ∗),
any u =
∑
j∈J(−1)
α jp j + (−1)
βqc ∈ G, ξ ∈ X and η ∈ Xˆ, we have that
〈E(x)uξ, η〉 =
〈(∑
j∈J
p(∗∗)
j
xp j + q
(∗∗)
c xqc
)(∑
j∈J
(−1)α jp j + (−1)
βqc
)
ξ, η
〉
=
∑
j∈J
(−1)α j〈p(∗∗)
j
xp jξ, η〉 + (−1)
β〈q(∗∗)c xqcξ, η〉
=
∑
j∈J
(−1)α j〈xp jξ, p
∗
jη〉 + (−1)
β〈xqcξ, q
∗
cη〉.
On the other hand,
〈u(∗∗)E(x)ξ, η〉 =
〈(∑
j∈J
p(∗∗)
j
xp j + q
(∗∗)
c xqc
)
ξ, u∗η
〉
=
∑
j∈J
〈xp jξ, p
∗
ju
∗η〉 + 〈xqcξ, q
∗
cu
∗η〉
=
∑
j∈J
(−1)α j〈xp jξ, p
∗
jη〉 + (−1)
β〈xqcξ, q
∗
cη〉.
Hence, E(x)u = u(∗∗)E(x) for all u ∈ G.
Next, we show that E(x) = x for all x ∈ G′. In other words, E is an idempotent
onto G′. Fix an x ∈ G′ and for any u =
∑
j∈J(−1)
α jp j + (−1)
βqc in G, we have that
p(∗∗)
j
xpi = (−1)
αip(∗∗)
j
x(upi) = (−1)
αi(p(∗∗)
j
u(∗∗))xpi = (−1)
αi+α jp(∗∗)
j
xpi.
It follows that p(∗∗)
j
xpi = 0 for any i , j. Similarly, p
(∗∗)
j
xqc = q
(∗∗)
c xp j = 0 for any j ∈ J.
Therefore, we have that
x =
(∑
i∈J
pi + qc
)(∗∗)
x
(∑
j∈J
p j + qc
)
=
∑
j∈J
p(∗∗)
j
xp j + q
(∗∗)
c xqc = E(x) for all x ∈ G
′.
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Moreover, for any b1, b2 ∈ G and any x ∈ B(X, Xˆ
∗) we have that
E(b(∗∗)
1
xb2) =
∑
j∈J
p(∗∗)
j
b(∗∗)
1
xb2p j + q
(∗∗)
c b
(∗∗)
1
xb2qc
=
∑
j∈J
b(∗∗)
1
p(∗∗)
j
xp jb2 + b
(∗∗)
1
q(∗∗)c xqcb2
= b(∗∗)
1
E(x)b2,
where we use the fact that bkp j = p jbk and bkqc = qcbk for any j ∈ J and k ∈ {1, 2}.
The final conclusion follows from the uniqueness of E in Lemma 4.3 and (4.6)
therein. So we finish the proof. 
Proof of Proposition 4.1. Let the group G be defined as in (4.7), and the map E :
B(Lp(X;E), Lq(X;E∗)∗) → G′ be the idempotent defined in Lemma 4.4. Recall that
by Lemma 2.2, the map τ : Lp(X;E) → Lq(X;E∗)∗ defined in (4.3) is an isometric
embedding, hence it induces the following isometric embedding
ι : B(Lp(X;E)) = B(Lp(X;E), Lp(X;E)) →֒ B(Lp(X;E), Lq(X;E∗)∗).
In other words, ι(a) = τ ◦ a for any a ∈ B(Lp(X;E)).
Now we define another map E′ : B(Lp(X;E))→ B(Lp(X;E)) by the formula
E′(z) =
∑
j∈J
p jzp j + qczqc
for z ∈ B(Lp(X;E)) and the sum converges in (SOT) by Lemma 2.4. It follows
easily from Equation (4.4) that the following diagram commutes
B(Lp(X;E)) 
 ι // B(Lp(X;E), Lq(X;E∗)∗)
B(Lp(X;E))
E′
OO

 ι // B(Lp(X;E), Lq(X;E∗)∗).
E
OO
Furthermore, we have that
‖E′(z) − z‖ = ‖ι(E′(z)) − ι(z)‖ = ‖E(ι(z)) − ι(z)‖ ≤ sup
u∈G
{‖ι(z)u − u(∗∗)ι(z)‖},
for any z ∈ B(Lp(X;E)). While for u ∈ G, it follows from Equation (4.4) that
ι(z)u − u(∗∗)ι(z) = τzu − u(∗∗)τz = τzu − τuz.
Combining the above facts together, we obtain that
‖E′(z) − z‖ ≤ sup
u∈G
{‖zu − uz‖}.
Let e :=
∑
j∈J e j. Since p je = e j = ep j and qce = eqc = 0, we have that
E′(eae) =
∑
j∈J
p jeaep j + qceaeqc =
∑
j∈J
e jae j.
Also notice that for any u =
∑
j∈J(−1)
α jp j + (−1)
βqc in G, we have that eu = ue =∑
j∈J(−1)
α je j. Since {A j} j∈J are pairwise 2/L-disjoint, there exists an L-Lipschitz
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map f ∈ Cb(X)1 such that f |A j ≡ (−1)
α jχA j for all j. Hence, ‖[a, f ]‖ ≤ ε since
a ∈ Commut(L, ε), and we clearly have e j f = f e j = (−1)
α je j. Therefore, we obtain
that
ueae =
(∑
j∈J
(−1)α je j
)
ae = e f ae ≈ε ea f e = ea
(∑
j∈J
(−1)α je j
)
= eaeu.
Finally, we complete the proof by the following computation:
‖eae −
∑
j∈J
e jae j‖ = ‖E
′(eae) − eae‖ ≤ sup
u∈G
‖eaeu − ueae‖ ≤ ε,
for any a ∈ Commut(L, ε). 
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